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Small-signal modeling for the buck converter (assumed in CCM)

|Introduction of small-signal modeling1

After determining the buck converter’s parameters, the small-signal modeling method is used to deduce

the transfer functions of the buck converter system.

Since the buck converter behaves dynamically, it is complicated to obtain an accurate mathematical
model of the converter. Scientists have proposed using small-signal modeling. The small-signal
modeling first linearizes the converter at the operating point to obtain a linear time-invariant small-
signal model. Then, the model is converted to the frequency domain by the Laplace Transform.

Eventually, this model in the frequency domain provides transfer functions of power stage dynamics

[

Therefore, the small-signal modeling is a linearization process that produces a linear time-invariant
model for engineers to validate the stability of the switching-mode converters and design compensators

conveniently.
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Capacitor ESR

When determining the small-signal model for a buck converter, it is necessary for engineers to consider
the equivalent series resistance (ESR) of the output capacitors because the ESR provides a zero in high

frequency domain. Hence, compensators should be designed to cancel out this zero.

|Deduction of small-signal modeling|

ON-State Equations
Consider when the MOSFET is switched on:
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We have a voltage across the inductor:

Considering the output voltage, the superposition method is used to express V, in terms of Vg, i, R,

and Re (ESR) [2]:
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When l, = 0: Vo = Vc . m (A)
Whenv, = 0. v, = i, R (B)
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Substituting (C) into (1):
R (R - R,)
V., =1V . — i - D
e N Y DA CEY D R
Capacitor current ic:
Vo, (-R-V)
le =1, =1 =1 R (R + R,) (E)

OFF-State Equations
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Consider when the MOSFET is switched off:

Assume that Vp = 0, as we use a low-side MOSFET instead of the diode, in which the voltage
induced is very small. Then:
R , (R : Rc)

V= v =—1.. — -
L o “"R+R) “(R+R)

(F)

Similarly, the capacitor current in this stage is equivalent to (E):

o=yt =gy— o s R
e L fom p (R + R,)

Averaging
Averaging is used to filter out signal components and noise at the switching frequency (f;) and its
harmonics. Only the DC component and the AC small signal (very low frequency and amplitude) are

reserved.

()] 50 = o,

Therefore, we can approximate Vi and i, in the averaging form:

R . (R-RY)
From (D): ¥, = (Vin@)r, = ey, * Graes = Oy, s (@)
R . (R-R)
From (F): V, =~ s = (ip(O)r, 22 (1)
e (®)rg R = (Ve®)ry)
From (E): i, = I D

Let d(t) be the duty cycle.
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Now we can average Vi and ic over the period to obtain (V,(t))r, = L - and (i (t))y, = C -

dat
A(Ve(®))rs .
dt
d .L T.

V@)=L -% =d(t) * (6) + (1 —d(t)) * (H)
= d % v R . (R : Rc)
= d(t) - (Vin(©)g, — (V.(O)r, m— (i, ()7, (R+—RC) 0))

(O, = dO) * (D) + (1 - d(©) « (D) = (i (©)r, - R = (Ve(®))r,) ©

(R + R,)
Separating perturbation
Now we can express (x(t))r, in terms of the DC component and AC small signals:
x@®)r, = X + 2(0)

From (J):
L d(,+1,.0)
dt

= [0+ O] Vi + 9®) = e+ 8O] = (1 + )

n
(R - R)
(R + R.)
R A R R
= DY+ D0 () + Vin A + dO) - 000 = [ ] Vo= [r5g] 2
®R-R) _R-R)

TRER) VT RARY

Ignoring small signal terms in the second order, such as d(t) - ¥;,(t), since its amplitude is too small.

Therefore, we can categorize the above equation into the DC part and the AC (small-signal) part:

DC component: L%Lz DV, — [ R ] - BRo)

R+ R (R+Ry) L

diL(t) o 5 R ~ (R-Rg)
AC component: LIS—t =D Dp(t) + Vi - d(t) — [ch] - D.(t) — T ®) L



Similarly, from (K):
Cd(VC + 9.(D) _
dt R + R
1

= “[R-I,—V,
R + R, [R-1, C]+R+RC

“[R-I,+ R-i,(6) = Vo — D(0)]

“[R-1(8) = D(0)]

Separate DC and AC components.

(A _ 1 . . _
DC component: C; =R R-1, = V)

AC component: CZ0 = _L_.(R.1,(t) - 5.(t)) (M)

dt R+R.

Conversion small-signal model to the frequency domain

Converting equations (L) and (M) to the frequency domain (s-domain) by applying the Laplace

Transform:
From (L):
o ~ 5 R ~ (R ’ Rc) o
s 1) = D 90 + Vi ) -~ [rrgs) %O - rrRy B @)
From (M):
sC - py(s) = B (i;(sj;')%(s)] ©0)
Making 7.(s) as the subject:
R -
[R - 1,()] ®)

%) =R+ R)(sC) + 1]

It is assumed that the initial values 1,(0) and 7,(0) are equal to 0.

Apart from equations (N) and (O), it is needed to find the small signal of V, to obtain the buck

converter’s transfer functions.

R (R-Re)

Since V, = V- (R+RC)+ lL.(R+RC)

always whatever at MOSFET ON/OFF-state,

(R ’ Rc)

Vo()r, = (Ve(®)r, - @®+ R

R
®+R) + (i, (O)r, -

Separating perturbation:



(R : Rc)
TR RTR)

Vot () = [V + (O] 5 <+ (0]

We have:
DC Part:
R (R - R
V,=1V,- .
°T % R¥R TR +R)
AC Part:
8a(8) = 0.0 ot 2Ry
© ¢ R+R. (R+ R
Making 7.(t) as subject:
~ R - R o
[0 - i 1.0
ﬁc(t) = R
7=l
Applying Laplace Transform:
~ _ (R-R) . ]
G = A IO
UC(S) = R ()
=l
|Deduction of transfer functions|
Deduction of Gyvi(s)
By equating the equations (P) and (Q), we have:
~ _ (R-R) . ]
R i) _ %6 - agy 1©
[(R + R)(sC) + 1] [ﬁ]
[
Hence, we have:
D R R R -R
Gu) =22 = |——|- | [+ Ry
i) R + R, (C-s*(R+R)+ 1] (R+R)

Deduction of Gia(s)

Substituting equation (P) into (N):



SL - 1,(5) = D+ D) + V- d5) - | | RoL&l _ R-R)
k n n (R + R)I [R+R)EC)+1] (R+R) F
Setting input variables such as 7;,,(s) to 0, excepting d(s):
[R -1,(s)] (R -R) |
h©)=D- 1) = [(R + RC)]' R+ RGO+ 1 (R ¥ Ry

Bring all i, (s) terms to the left-hand side:

. R? (R -R)\) _ P
IL(S)'{S.L+ (R+R) [s-C-(R+R)+ 1])] ((R+RC))}_VL'"' (s)

Therefore:
Giy(s) i.(s) Vin )
id\S) == =
¢ {SL+km+RJB£7m+RJ+1J m+RJ
Deduction of Gva(s)
From equation (N):
~ ~ 5 R ~ (R ' Rc) ~
SL - 1,(s) = D - Dyp(s) + Vi - d(s) — [m] De(s) — ®R+R) i,(s)

D - 8n() + Vin A — |raiy] - 0]

i(s) = (1)
(R . Rc)
sL +—(R TR
From equation (O):
ooy R - T(s) = De(s)]
¢ 20 =—®k+r)
[sC - 0.(s) - (R + R) +V.(s)]

i.(s) = )

R

By equating the equations (T) and (U), we have:

. R R N

D - Dp(8) + Vi - d(s) — [(R+—RC)]. vC(S)] C[SC - 9.(5) (R + R+ 0.(5)]
(R -R) - R

(R + R,)

sL +

Setting input variables such as ;,(s) to 0, excepting d(s):



~ R N
[D 0 Vin - d(s) - [m]' "c(s)] € 9.(8) - (R + R +9.(5)]

(R . Rc) R
sL + (R + R,
a R ~ _ (R ! Rc) ~ ~
B[V d6) = || 2] = [sL+(R+—Rc)] [5C - 0e(s) (R + RO+ 0,(6)]
e o (R - R.) R?
RV d(s) = 9.(s) - {[SL +m [sC - (R + R)+1]+ [m]}
D.(s) R-Vin
4 ffor+ R R + RY+ 1] + | B @
ot + Gyl ise - @ + R0+ 1+ [

Applying the physical equation of the capacitor voltage and current relationship:
ic(s) = sC - 0c(s)
Applying the physical equation of the capacitor voltage and output voltage relationship:
Do(s) = Dc(s) +ic(s) - R,

Do (s) = 0c(s)(1 +sC-R,) w)
Substituting (W) into (V):

ﬁo(s)_ R'Vin'(1+SC'Rc)

a(s) _{[SH%] [sC - (R + R) +1]+ [(Rf-—zR)]}

Validating transfer functions

To validate the deducted transfer functions, we may compare them with the transfer functions provided

in online [3}:


HE, Ciscus [Student]
https://cdn14.21dianyuan.com/download.php?id=63616



(2) CCM /MESIEREEL
Vo($) = Gua(s) xd(s)+ Grg(8) X W5(5) — Zowr(8) X Io(5)

i1(s) = Gia(s) X d(5) + Gig(5) % ¥ (5) + Gisls) X Fa(s5)

1+ s/wtr 1+ sfmt
G =V = Guio
(9 Hl+5/QWn+ SZ/WuZ 1+5/QW0+ SZ/WuZ
1+ q/nv}c 1+ sflv}c
Gyl(s)= D =G,
(s 1t s/Oworsfwe O 1tslOwot s /w
Zouls) = R AT WAL /)
1+ 5/Qwo+5° [ we
Gals) = Ve 1+ 5/wp — G 1+ s/wep
R l+SI/QWn+SZI,’WL»2 1+S/QWO+ SZ/WuZ
D 1+ S/sz 1+ s/wip
Gig(s) = =G;
a(s) R1+ s/QWn+52/wuz gﬂl+s/QWn+52/an
Guls) = 1+ S/chz i
1+5fQWo+ s /Wo
Hep: wom——, Q= — L1
’ Jc’ wolL/ R+ (R. + Ro) C]
R 1 1
Wi =—, Wee=——, Wop=—
L ReC RC

Dividing the deduced Gva(s) by the Gyq ss(s) in a Bode plot:

s = tf('s");
Ts = 1/200e3;

%Cisco's calculation

C = 130e-6;
wzc = 1/(Rc*C);

wzp = 1/(R*C);

wo = 1/sqrt(L*C);

Q = 1/ (wo(L/R+(RE)*0)) ;5

% Gvd deduced from small-signal modelling by hands.

Gvd = (R*Vin*(1+s*C*Rc) )/ ((s*L+(R*Rc)/(R+Rc))* (s*C*(R+Rc)+1)+(R*R/(R+RC)));
%This is Gvd provided from Internet

Gvd_SS = vin*(1+s/wzc)/(1+s/(Q*wo)+s*s/(wo*wo));

% bode(Gvd_PLECS,Gvd_SS)

bode(Gvd/Gvd_55)

Bode Diagram
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It is observed that the deduced transfer function Gvq(s) is approximately equivalent to that provided
online since the result has a gain of 0 dB (gain of 1) and a phase shift of 0°, indicating that the deduced

Gud(s) holds true.

Similarly, the deduced G.i(s) and G.i(s) hold true:

s = tf('s");
Ts = 1/200e3;

%Cisco's calculation

vin = 24;

L = 2108e-6;
R = 10;

RC = 3@e-3;

C - 130e-6;
wzc = 1/(Rc*C);

wzp = 1/(R*C);

wo = 1/sqrt(L*C);

Q = 1/(wo*(L/R+(Rc)*C));

% Gid deduced from small-signal modelling by hands.
Gid = vin/(L*s+R*R/((R+Rc)*(1+C*s*(R+Rc)))+R*Rc/(R+RC));

%This is Gid provided from Internet
Gid_ss = vin/R * (1+s/wzp)/(1+s/(Q*wo)+s*s/(wo*we));

%This is Gid provided from Internet (neo ESR)
Gid_no_esr = Vin*(C*s+1/R)/(L*C*s*s+L*s/R+1);

bode(Gid/Gid_SS)

Bode Diagram
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s = tf('s');
Ts = 1/200e3;

%Cisco's calculation
vin = 120;

L = 210e-6;

R = 19;

Rc = 3@e-3;

C = 130e-6;

wze = 1/{Rc*C);

wzp = 1/(R*C);

wo = 1/sqrt(L*C);

Q = 1/(wo*(L/R+(RC)*C));

% Gvi deduced from small-signal modelling by hands.
Gvi = R*R / ({(R+RC)*((L1+C*s*(R+Rc)))) + R*Rc/(R+RC);

%This is Gvi provided from Internet
Gvi_SS = R ® (L+s/wzc)/{(1+s/wzp);

%This is Gvi provided from Internet (no ESR)
Gvi_no_esr = 1/(C*s+1/R);

bode(Gvi/Gvi_SS)



Bode Diagram
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Therefore, it is reliable to use the deduced transfer functions to design compensators according to

different control methods.



